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Abstract: We study the noncommutative superspace of arbitrary dimensions in a sys- 
tematic way. Superfield theories on a noncommutative superspace can be formulated in 
two folds, through the star product formalism and in terms of the supermatrices. We elab- 
orate the duality between them by constructing the isomorphism explicitly and relating 
the superspace integrations of the star product Lagrangian or the superpotential to the 
traces of the supermatrices. We show there exists an interesting fine tuned commutative 
limit where the duality can be still maintained. Namely on the commutative superspace 
too, there exists a supermatrix model description for the superfield theory. We interpret 
the result in the context of the wave particle duality. The dual particles for the superfields 
in even and odd spacetime dimensions are D-instantons and DO-branes respectively to be 
consistent with the T-duality. 
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1. Introduction and summary 

The wave particle duality was the key ingredient for the birth of the quantum theory. In 
the standard quantum field theory, the field represents the corresponding wave while the 
notion of the particle arises after the second quantization of the classical field. Remark- 
ably in string/M-theory the wave particle duality is often manifest even at the classical 
level. The BFSS matrix model is essentially a description of the M-theory in terms of the 
infinitely many D-particles |||], while the IKKT matrix model formulates IIB superstring 
theory through the dynamics of the D-instantons |||] . Expanding the matrix models around 
the D-brane solution one can derive the supersymmetric Yang-Mills field theory action or 
the worldvolume description of the D-branes (see e.g. ^). One characteristic feature 

of the matrix models is that they incorporate the identical nature of the particles since the 
permutation symmetry for the labelling of the particles is taken as the gauge symmetry 




The close relation between the field theory and the matrix model was first studied 
in the early eighties by Eguchi and Kawai et al. ^, and more recently by Dijkgraaf 
and Vafa showing that the effective superpotential in the four dimensional M = 1 super- 
symmetric gauge theory can be read off from the associated matrix model computation |10|. 
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The purpose of the present paper is to show directly that there exits a dual superma- 
trix model for the low energy description of any superfield theory. Our scheme is first to 



introduce the noncommutativity on the superspace |11, 12, 13, 14, 15, 16, 17, 18, 19, 20| 
replacing all the ordinary products of the superfields by the generalized Moyal-Weyl star 
products. The theory is then equivalent to the operator formalism on a noncommutative 
superspace or the supermatrix model description. A remarkable fact is that, contrary to 
the nonsupersymmetric case, the equivalence between the superfield theory and the su- 
permatrix model is still maintained in a certain commutative limit. Thus, turning off the 
noncommutativity in a fine tuned manner we are able to recover the original commutative 
superfield theory accompanied by the dual supermatrix model. ^ 

The main content of our paper is to establish precisely the equivalence between the 
star product formalism and the supermatrix description. The organization of the paper is 
as follows. 

In section ^, we first consider the most general noncommutative relations on the su- 
perspace. In contrast to the work by Seiberg on the noncommutative Euclidean superspace 
1 13], we have in mind the study of the real action in the Minkowskian spacetime so that we 



consider all the possible noncommutativity among all the coordinates on the superspace. 
In particular, we first consider the real basis for the superspace coordinates. Namely, for 
the complex Grassmann coordinates in the four dimensional chiral superspace, we decom- 
pose them into the real ones. Analyzing the real basis we are able to obtain the general 
unitarity representations of the noncommutative superspace. 

In section |3|, we show in detail how the star product formalism on a commutative 
superspace realizes the noncommutative superspace. Explicitly through the generalized 
Weyl ordering prescription, we construct the isomorphism between the star product on the 
commutative superspace and the operator product on the noncommutative superspace. 

In section we study the supermatrix representation of the operators on the noncom- 
mutative superspace. To do so we first find the 'canonical' form for the noncommutativity 
parameters under the linear transformations of the super-coordinates. We show that the 
generic noncommutative superspace decomposes into two sub-superspaces which commute 
each other. One consists of the bosonic and fermionic harmonic oscillators having the 
nondegenerate noncommutativity parameters, while on the other sub-superspace, the only 
possible noncommutative relation is given by the commutator between the even and odd 
coordinates. Surely the bosonic harmonic oscillators are represented by matrices of the in- 
finite size and the fermionic oscillators or the Clifford algebra have the gamma matrix rep- 
resentation. For the second sub-superspace we restrict on the commutative sub-superspace 
and continue the analysis for simplicity. The superfields on the noncommutative super- 
space are then represented by supermatrices. Depending on the statistics of the superfields 
the corresponding supermatrices have the different structures. In particular, the super- 
matrix representation of the ordinary Grassmann number is given by the "gamma five" 
matrix. We also study the noncommutative chiral superspace by complexifying the odd 

^After submitting the first version of our paper, we learned tfiat contains tlie similar idea but differs 
in details. 
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coordinates. We point out that the anti-commutator between the odd coordinate and its 
complex conjugate must be nonzero in the generic nontrivial cases. 

In section ^, we rewrite the integration of the star product Lagrangians over the su- 
perspaces as the traces of the supermatrix Lagrangians. The integration over the full 
superspace is essentially given by the supertrace, while the integration over the chiral su- 
perspace involves taking trace of the superpotential matrix times a certain gamma matrix. 
We also present formulae which relate the partition function and the correlation functions 
in the star product superfield theory to those in the corresponding supermatrix model. Fi- 
nally we argue that there exits an interesting commutative limit where the duality between 
the superfield theory and the supermatrix model does not break down. In particular, in 
the commutative limit, the kinetic part of the supermatrix model tends to diverge so that 
it is natural to use the saddle point analysis imposing the constraint on the supermatrices 
which sets the divergent part to vanish. Hence, the saddle point approximation essentially 
gives the low energy description. 

In section |6|, we explicitly study two examples, = 1, D = 3 nonlinear sigma model 
and M = 1,D = 4: chiral model. In general, turning on the noncommutativity on the 
superspace breaks the supersymmetry. However, we show that for a certain 'minimally' 
noncommutative superspace, the supersymmetry is not broken in the chiral model. 

Section |^ contains the comment on the nonexistence of the M = 4, D = 4: super- 
field formalism, and the Appendix carries our proof of the isomorphism between the star 
product on the commutative superspace and the operator product on the noncommutative 
superspace. 

2. Noncommutative superspace 

Before we start, it is useful to define the following commutator or anti-commutator for the 
superspace coordinates, z^, 

[z^, z^}± = z^z^ ± {-l)*^*Bz^z^ , (2.1) 

where is the Z2-grading of the superspace so that 4i^A = for even or bosonic A, and 
= 1 for odd or fermionic A. The ordinary commutative superspace satisfies simply, 

[z^,z^}_ = 0. (2.2) 

Any deformation of the above relation defines a noncommutative superspace on which the 
coordinates, z^, are operators and satisfy the noncommutative relation, 

[z^,z^}_=l^^^. (2.3) 

The noncommutative parameter, O"^^, is taken here to be constant. Since the left and 
right hand sides must agree for the Z2-grading, + jj^B ~ #r2-4s : mod 2. Note also 

O^-^ + (-l)#^#sO^^ = 0. (2.4) 
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Explicitly with the even and odd coordinates, z^, z", 

[z^',z'']=^Q'"' , [z^', z'^] = , {z",#} = S'"^, (2.5) 

so that 

n= . (2.6) 

\ -i^^ s j 

The superdeterminant of Q. is then^ 

, det(ie - ^5-1^^) det(iG) 

sdet = ^ ^ ^ = -— .V^!^ . 2.7 

^ ' det(S^) det(5 + z^'^e-i*) ^ ' 

Henceforth, otherwise mentioned explicitly, we consider the real basis for the superspace 
with the reality condition, (^'^)^ = z^. Taking the real basis will enable us to analyze 
the most general unitary representations of the noncommutative superspace as done in 
section |^. In particular, the four dimensional chiral superspace will be treated as the 
complexification of the corresponding real superspace. In the real basis the noncommutative 
parameters, Q^^^ , ^/^"^ 5""/^ are all real. 

3. Star product formalism 

In this section, we show in detail how the star product formalism on a commutative super- 
space realizes the noncommutative superspace. We first define a one to one map, O, from 
the commutative superspace to the noncommutative superspace by the generalized Weyl 
ordering, 

n! 



0{z^H^^---z^-) = z^^^---z^-^+ = Y,^-^ z'^^-'-z''- , (3.1) 

p=i 

where P denotes the permutation of (^1, • • • , An) and Np counts the number of permuted 
times only for the odd coordinates in (z^^^ • • • z"^"). The star (*) product of the superfields 
on the commutative superspace reads with the noncommutative parameter, 0"^^, 

f{z)^g{z)^f{z)e^g{z), (3.2) 
where explicitly in the expansion of the exponential, 

'^X = dA.dA, ■ ■ ■ dAA^^-^'-dBj ■ ■ ■ {n^''''dB,){n^''''dB,) , (3.3) 



which is consistent with the fact that Q is even. The right and left derivatives are related 
by (cf. M) 

fdA = i-l)*^^*f-''^dAf, (3.4) 

so that z^dA = dAZ^ = ^A^- 



2r 



The last equality in Eq.( 2.1) comes from the identity, det(l+ie"^*5'"^*^) = det"^(l+iS'"^*^e"^*), 



which can be easily shown using In(detM) = tr(lnM). 
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The duality between the operator and the star product formahsms comes from the 
following crucial isomorphism, 

Oif)Oig) = 0{f*g), (3.5) 

which also manifests the associativity of the star product. The Appendix carries our proof 
on the isomorphism. 

The derivatives act on the noncommutative superspace as 

o{dAf) = [Ba, , Ba = {n~^)ABz'' . (3.6) 

It is also worth to note 

z^fiz) = i[z^,/(z)W = i [z^*f{z) + {-l)#-*ff{z)^z^) . (3.7) 

4. Supermatrix representation 

Under the linear transformation, z^ — > z'^ = P^^z^ , the noncommutative parameter, 0, 
transforms^ to Jl' = P^IP^ . Acting a proper transformation one can obtain its 'canoni- 
cal' form. Firstly, for det(O) det(S') ^ 0, we consider the following transformation which 
preserves the reality, {z'^)"^ 

( 1 

P = 



z 



oo 



i + ^an(i*^e-^^s-^)" 

V n=0 / 




(4.1) 



where the coefficients are given by oq = 0, oi = — ^ and 

o„+i = -a-n - \ YJj=i aj{an+i^j + a„_j) , for n > 1 . (4.2) 
From the Grassmann property of the sum in Eq.( [4.1| ) is actually a finite one. The 
resulting noncommutative parameter is then block diagonal, = ^ ^g" ^ ^ ' ^ 

parameter, is now completely removed. In the case of det(0) det(S') = too, one can 
apply the previous analysis to the nondegenerate sector and achieve the canonical form. 
The final result for the generic cases can be summarized as follows. Any noncommutative 
superspace, {z^}, decomposes into two sub-superspaces which commute each other. 



{z^} = {z"i = {x^',^'')} © {w^^ = (y^,r}'^)} , 
Each sub-superspace satisfies 



(4.3) 



(4.4) 



^The transpose of the supermatrix is defined as (P^)a^ = pB ^ ^ 
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where all the parameters are real, and 9^'^, are nondegenerate, det(0) det(,s) 7^ 0. 
Furthermore, as 9^'^ and are respectively anti-symmetric real and positive definite 
symmetric real matrices, there exit real linear transformations which take them to the 
canonical forms, 



et"^ = diag (e, e, • • • , e) , e = , s"^* = 26"'' . (4.5) 




Namely, x^^s satisfy the Heisenberg algebra, while "i^^'s satisfy the Euclidean Clifford al- 
gebra. Their unitary irreducible representations are unique and very well known, the 
harmonic oscillator type infinite matrices and the gamma matrices respectively. As for the 
second sub-superspace, {w^}, if its only noncommutative parameter vanishes, x^"" = Oi 
the sub-superspace becomes simply a commutative one. However, for the generic case, 
X^" 7^ 0, we do not know the unitary representation, and henceforth we restrict on the 
commutative case, x'^" = 0- Furthermore, without loss of generality for any spacetime 
dimensions, we take the dimension of the noncommutative odd coordinates to be even, 
1 < a < A^, = even. For example, for the AA-extended supersymmetry in the 
Minkowskian four dimensions, A^ = 4AA. As the gamma matrices are then taken from the 
Euclidean even dimensions, they can be set Hermitian and off-block diagonalized. The 
irreducible supermatrix representation of the noncommutative superspace coordinates as 
well as the bosonic and fermionic component fields, (p{x), ip{x), are given by the direct 
product of the harmonic oscillator matrix and the gamma matrix, 




gab _ 



w^^w^®\^ / , (4-6) 




O(0(x)) ^ (/)(x^) 1 , Oiil^ix)) 



Thus, in general, the supermatrix representation of the superfield, F{z), on the noncom- 
mutative superspace is of the form, 

^{z) = J2 hrh,g,r] [n,h,s\ g, r){n, h, s\ , (4.7) 

where [m, 5, r] forms an index of the supermatrix such that m = {mi,m2, ••) are the non- 
negative integers for the harmonic oscillators, g denotes the gamma matrix index, and r 



is from the preexisting gauge group, if any |2^]. Surely the symmetric products of the 



infinite matrices, x^, the anti-symmetric products of the gamma matrices and the gauge 
group generators give the basis for the supermatrix representation. As the superfield is 
an eigenstate of the Z2-grading, the block diagonal and off-block diagonal components 
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in the corresponding supermatrix have the opposite Z2-gradings, and hence the name 
'supermatrix', 

''even odd 

bosonic superfield <^=^=- 

odd even 



V 

/ odd even 

fermionic superfield <;=^ 



bosonic supermatrix , 

(4.8) 

fermionic supermatrix . 



even odd 



The coefficients of the supermatrix may depend on the commutative coordinates, , if 
any. It is also worth to note that for an arbitrary Grassmann number, e. 



e 
-e 



supermatrix j = , (4-9) 
which is consistent with [e, superfield }_ = 0. 



Complexifying the fermionic coordinates, the noncommutative chiral superspace reads, 
{xf,e'',h = (^")"^), 1 < a < N/2, satisfying 

[x^, x''] = , {r , e^} = c"^ , {^°, P} = c"^ , {^", P} = c"^ . (4.10) 

As shown above, in the supermatrix formulation of the noncommutative superfield theories, 
the fermionic coordinates are represented by the Euclidean A'^-dimensional gamma matrices 
so that for the complex odd coordinates, 

r = p°ar", {r'',r^} = 2(5"\ (r'^)t = r'^, (4.11) 

where I < a < N/2, 1 < a < iV and P° (J is a complex number. It follows that 
go/3 _ 2P°^a{P^a)*7 etc. In particular, this implies that one can not simply switch off 
c"'^ as it would imply P^a = 0°' = 0. 

It is worth to note that the following choice of P"a gives the conventional fermionic 
harmonic oscillators, 

P«„ = -1=(,^2q-1^ ^ ^j2a^) ^ ^ p/3 ^ 25"^ , c"^ = , c'^^ = , (4.12) 

which we will call the 'minimally noncommutative chiral superspace' henceforth. Unless 
mentioned otherwise, the minimal form is not to be assumed below. 

In the Minkowskian four dimensions, with the standard convention, x^^. = it i6a^9, 
the chiral superspace normally means {x-^-,6} rather than {x,6}. However, in that case 
the star product of chiral superfields does not preserve the chirality. Thus, what we mean 
by the chiral superspace is strictly {x, 9} in the present paper which was also the case in 



| 15f| . We will come back to the chiral superspace in Section |g. 
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5. Supermatrix action and the commutative limit 



Now, with the map from the commutative superspace to the noncommutative superspace, 
(|3.1|), the superfield action reads 



dx'^di^'^C^ = Y'(-27ri)^sdetOTr [r^jv+i)0(/:*)] , (5.1) 

where denotes the superfield Lag rangian equipped with the star product. T^jv+i) is a 
normahzed matrix or the generalized "gamma five" , 



and hence, Tr [I^jv+i) •] is essentially y (— 1)2^(^ times the supertrace. 

The partition function in the superfield theory is related to that of the supermatrix 
model, 

J £)i7ei/d^^+^£*(i^) = sdet(|£) J D F eV(-2-i)^sdet n Tr [r(^+i)£(F)] ^ 3) 

where F = 0{F{z)) is the supermatrix. Since O is a linear map the Jacobian is constant, 
and we are able to take it out from the integration. Furthermore, from the expression of 
the partition function above, the correlators of the superfields can be obtained from the 



supermatrix correlators [23| 



(F(zi)F(Z2)) = {FLMFjK)A'''\zi)A'''iz2) , (5.4) 

where L,M denote the indices of the supermatrix, F, while A^^'^ (z) forms a basis for the 
functions on the superspace satisfying 0{A^^'^)jk = ^^^'^k ^° ^i-^) ~ ^lm^^'^^ (z) 
and 0{FlmA^^) = F. 

The conventional supersymmetry operator, Qa, contains not only da but also a term 
like 'd°'dfj_. From 'd°'d^ = (t?"*) — ^^""^dAdf^, it is clear that the supersymmetry operator 
does not satisfy the Leibniz rule anymore, and hence the supersymmetry is generically 
broken on the noncommutative superspace. Nevertheless, as we will show in the following 
section, for the 'minimally noncommutative chiral superspace', the full supersymmetry can 
remain unbroken. 

The integration over the chiral superspace reads 

J dx^de''/'w.{x,e) = yi^^|*^Tr[r,o(w.)], (5.5) 
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where is a normalized matrix,^ 



\J det ( 



tr(re(r,)t) = 1. (5.6) 



A remarkable fact about Eq.(5J.) is that there exists a fine tuned commutative limit, 



since sdetfi = det (z^)/ det s can remain fixed. This also implies that the Jacobian factor 



in the partition function expression (5.3) converges to a nonzero constant, which would not 
be true for the bosonic noncommutative theory. In the commutative limit, the potential 
remains fixed but the kinetic term diverges as it contains the derivatives. The prescription 
for the supermatrix partition function is then to take the saddle point analysis with the 
constraint on the supermatrices such that the divergent part of the kinetic term vanishes. 
Similarly for the chiral theories, one can take the commutative limit where det(i0)/ detc 
remains fixed and impose a constraint on the supermatrices which prevents the kinetic term 
from diverging. In this way, there exits a supermatrix description for any superfield theory 
on a commutative superspace too. The supermatrix model Lagrangian is same as that of 
the superfield theory, but the supermatrices are surely of infinite size meaning the planar 
limit. The dual particles for the superfields in even and odd dimensions are D-instantons 
and DO-branes respectively to be consistent with the T-duality. 



6. Examples 

6.1 M = \ D = 3 nonlinear sigma model 

In the Minkowskian three dimensions, the M = 1 superspace consists of {x^,'!?"} where 
a = 1, 2 and the odd coordinates are Majorana spinors, ("i?")^ = "i?". The generic nonlinear 
sigma model reads with the real superfields, <I>* = (/)*(x) + i'i?"'0^(a;) + i'd^'d'^F^{x), ||2^ 

J dx^d^^ - ^gij{<^)D''^'Da^^ , (6.1) 

where Da = da + {e^^'d)ad^, = e~^°^^Dp and e is the 2x2 anti-symmetric matrix 
satisfying e7^e~^ = — (7^^)"^. The supersymmetry transformation is given by = e'^Qa^^ 
where is a real spinor and Qa = da — {^l^'&)adjj,. 

From (13) we note Da^' = da^' + \{{e-i^'-d)a^ d^¥}^. With this expression we replace 
all the ordinary products by the star products to turn on the noncommutativity on the 
superspace, 

[xi,f2]=u2, = 2A25"/3, (6.2) 

where A is a real parameter we introduce to control the strength of the noncommutativity 
so that ~ ~ ~ A. Note that the time coordinate, t, commutes with all other 

* Alternatively one can take the anti-symmetric product of daS as with a suitable normalization 
constant, which would pick up the coefficient of the 6'^^'^ term only even for the integration over the generic 
nonchiral superfield, W{x,9,9). However, restricting on the chiral superpotential, W{x,6), of which the 
component field for the highest order in 6 is bosonic, the above choice of Ve serves the desired property well. 
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coordinates. In particular, using the pauli matrices we set i}^ = Xa^, -i?^ = Acr^. The action 
on the noncommutative superspace reads 

J dx^d-d'^ - \g^ij{^) * (Z)"$^) * (D^^^) = m\ J dtSti^giji^){D'^¥){Da^^)j , (6.3) 



where Str denotes the supertrace, Tr[cr^ •], and from ( f4.6[ ) ^■''s are generically time depen- 
dent Hermitian supermatrices. Their covariant derivatives are of the form, 

M = kX-'K, !•] + ^Xie^X/sW'', do^ + [m, I.]} , (6.4) 

where hi = ix^/\, h2 = —ix^/X are the normahzed harmonic oscillators, [ni,n2] = —i- 



The supersymmetry is surely completely broken. From (|3.7|), (4.6) and ( [4.9| ) with the 
rescaling, e 2Xea'^, the broken supersymmetry is given by 

Sbroken^ = [e^^T^fr", 6] - X^e^Xple'^a^af , 9o<&} - A(e7%^{e°aV^ [n„ <!]} . (6.5) 



In the commutative limit, A ^ 0, from ( |6.4| ) the kinetic term tends to diverge. The 
saddle point prescription requires then [0"",$*] = 0, and hence = (/)*(x) (X" l2x2- At the 
saddle point the action reduces to the bosonic matrix action, 

-2n J dttr:(^gij{4>)[hi,4>'][hiA']) ■ (6.6) 

From (6.5), the supersymmetry is trivially "restored" as 5^ = i[e"aa,^] = 0. 
6.2 M = 1 D = A chiral theories - unbroken SUSY 

In the Minkowskian four dimensions, the AA-extended superspace reads {x^, O""", 0"}, where 
— {0°"°^)^ OL^a = 1,2 and 1 < a < Af so that the dimension of the fermionic real 
coordinates is = 4J\f. The covariant derivatives are 

Daa = daa + ^{<7^'0a)a^^ , D% = + iie'^a^ad^ • (6.7) 

The supersymmetry transformation is given by the following real differential operator act- 
ing on any super field, 

iie^Qa + Q^Sa) = le'^'^daa " ^0% + [Q'^O^Ea + e''oHa)d^ , (6.8) 

where e'^", = (e'^")^^ are the supersymmetry transformation parameters. 

The conventional chiral superfield is defined to satisfy l)^<I> = so that it is a function 
of x^ = x^ ^iQ"'a^Qa and 0"" only, <I>(x-|-, ^). However, in order to incorporate the noncom- 
mutativity into the chiral superspace such that the star product preserves the 'chirality', 
it is necessary to shift the complex variables, x^ to the real ones, x^ ^ and take $(j;,0) as 
the newly defined "chiral" superfield satisfying 5^<1> = 0. We define the shifting operator. 



J = e-^^"-"^"-^^- , (6.9) 
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to satisfy jt = J-\ J<^{x+,B) = ^(x,^), J($$') = (J$)(J$')> and JD^J^ = 8%. The 
supersymmetry transformation of the chiral superfield is then, 

9) = Q$(x, 6), Q = iJie'^Qa + Q''ea)J^ = ie'^'^daa - + 2e^a^ead^ . 

(6.10) 

Similarly the anti-chiral superfield, ^{x,9) = J^^{x-,9), transforms as 

6^{x, 9) = Ql>(x, 9), Q = iJ\e^Qa + Q^^a) J = ie'^'daa - ietd% + 2eV^^a5^ • 

(6.11) 

As an example we consider the M = 1 chiral scalar theory |2^]. Acting J on the 
standard Lagrangian gives rise to only a total derivative term. Thus, we can rewrite the 
chiral superfield action in a different but equivalent form which is ready to incorporate the 
noncommutativity on the superspace.^ From J[$(x+, 0)^(x_, ^)] = ^) J^$(x, (9), the 
action reads 

j dx^d9'^d9'^ ^{x,9)J^^{x,9) + j dx^ 69"^ W {^x , 9)) + j dxW W(l>(x, ^)) , (6.12) 
where explicitly, 

j2 = 1 - 2i9(j^9d^, - 9H'^U . (6.13) 
From QJ^ = J^Q, the supersymmetry is manifest. 

Before replacing the ordinary products by the star products, it is crucial to note that 
from (3.7) we can rewrite J^^{x,9) in terms of the star product. 



jH = ^- \iar\9-, {r , 9^^}.]. - , {9^, {9^, D^}.].}.]. • (6.14) 

With this understanding, we insert the star products into the action such that (J^$), 
W^(<1?), Wi,{^). Up to the total derivative term, the kinetic term remains same as in the 
commutative case, while the potential terms generically get nontrivial star product de- 
formations but maintaining the 'chiral' property. The map to the supermatrix model is 
then straightforward. We merely mention that the size of the gamma matrices for the odd 
coordinates must be 4 x 4 for the nondegenerate case, det S 7^ resulting in the generic 
supermatrix model (c/. [|l^]). The notion of 'chiral' supermatrix is valid as [A^9q,,$] = 0. 



From ( 6.10| ) and (|6.11| ) it is clear that the supersymmetry is broken completely for the 



generic case, c"^ = (c"^)* 7^ 0. However, for the minimally noncommutative superspace, 
where c°^^ = 0, as Q satisfies the Leibniz rule acting on the 'chiral' superfields, the full 
supersymmetry is unbroken.^ 



^This kind of rewriting the action was first considered in jl^] which also includes the gauge multiplet. Our 
point here is to show that the full supersymmetry can be unbroken for the scalar theory on the minimally 
noncommutative superspace. Including the gauge multiplet appears to break the supersymmetry. ft would 
be very interesting to find a mechanism not to break the supersymmetry in that case too. 

®For the invariance of the bosonic theory under the scaling of the noncommutativity parameter, see [pi}. 
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To consider the commutative limit, we take the noncommutative chiral superspace, 
diloD , with the replacement, (e'^'^, c'^^, c°^, c"^) ^ (A^^^'^, A^c'"^, A^c'"^, A^c'^^). In the 
commutative limit, A ^ 0, ~ A, ~ A^, ~ X~^, da ~ A-^ but det(A26i)/det(A'^c) = 
det(0)/det(c) remains fixed. Thus, the kinetic part diverges while the superpotential term 
is finite. Calculating the partition function (5.S), it is natural to use the saddle point 



approximation with the constraint on the supermatrix, d'^da^ = dad^^ = 0, and hence 
$ = l4x40(x/A) + A-2^"r(5)V'a where V 

Q is a constant Grassmann variable. The whole 
kinetic term vanishes then in the supermatrix model. The supersymmetry is restored, from 
B> Q' (il)> (HI)' as the adjoint action. 



5^ 







(6.15) 



which preserves the constraint, d'^da^ = dad^^ 



0. 



7. Comments 

It is straightforward to generalize the above analysis to the A^-extended supersymmetry in 
the Minkowskian four dimensions. The commutative limit keeping the chiral superpoten- 
tial finite is given by x'^ ~ A-^, ~ A2 so that Qa ~ A-2(l + A^"-^), where the zeroth 
order inside the bracket comes from da while the (4 — AA)th order is from the term, 9dfj,, 
which breaks the Leibniz rule. The overall factor, A"'^, can be absorbed into the super- 
symmetry parameter. Thus only for M = 1, 2, 3 cases the supersymmetry can be restored 
for the dual supermatrix model in the limit. This is consistent with the rigidity of the 
= 4 theory or the absence of the superpotential in the theory. Furthermore, the com- 
mutative limit to keep the integral over the full superspace finite is ~ A-'^, ~ A so 
that Qa ~ A~-'^(l -|- A^~-^). Thus, the Af = i case would not restore the supersymmetry 
again. We take this as an evidence that there should be no = 4 superfield formalism. 
Similarly one can argue that there should be no non-chiral M = 2 superfield formalism in 
four dimensions. 
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A. Appendix : the proof of the isomorphism 



Here we prove the isomorphism ( |3.5| ) between the operator and the star product formahsms 
by the mathematical induction on n with /„ = z^'^ ■ ■ ■ z^" . Firstly we note for arbitrary 
"I > 0, 5m = z^^---z^-^, 



z^'Oig^) - 0{z^g„ 



p=i 



E 

p=i 



E 

p=i 



E 

p=i 



E 

p=i 



m+l 



m + 1)! ^ 

.7 = 1 



E[ 



(_l)#'4(#Fi+- + #Pj_l) -Pi . . . ~P,_1 ^A_gPj ... 2Prr. 



-1) 



m + l)\ ^ 

.7 = 1 



iNiVp rn / j \ 



m + l)\ ^ \ ^ 

^ ' i=i \z=i 



m + 1)! 



i=i 



m + 1)! 



i=i 



fc=i 



(A.l) 

This shows 0{z'^)0{g) = 0(2^*5) for arbitrary 5. Now we assume 0{fk)0{g) = 0{fk*g) 
for < 7^ — 1. From 



J=l 



it follows 

1 " 

0{fn)0{g) = -Te, O {z^^ * [(z^^ • • • • • • z^") * 5]) • (A.3) 

i=i 



-13- 



On the other hand, a straightforward manipulation gives for any 1 < i < n, 



Ej (z^j • • • ■ ■ ■ z^") (^h) g 



+m\VL^^^dB { {z^' • • • /^^ • • • z^") g 



m— 1 



-TTiT 



m— 1 



m—l 



(A.4) 



l>j ^ 
From (|2^ , summing over j cancels the last two terms so that 

1 " 

{z^^ ...z^-)^g = -Y^ e,{z^^ + ds) {{z^' • • • • • z^") * 5} • (A.5) 



Thus, combining with (|A.3|) we get 0{fn)0{g) = (^(/n which completes our proof. 
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